It was recently shown that the homogeneous and isotropic cosmology of a massless scalar field coupled to general relativity exhibits a new hidden conformal invariance under Mobius transformation of the proper time, additionally to the invariance under time-reparamterization. The resulting Noether charges form a sl(2, R) Lie algebra, which encapsulates the whole kinematics and dynamics of the geometry. This allows to map FLRW cosmology onto conformal mechanics and formulate quantum cosmology in CFT 1 terms. Here, we show that this conformal structure is embedded in a larger so(3, 2) algebra of observables, which allows to present all the Dirac observables for the whole gravity plus matter sectors in a unified picture. Not only this allows one to quantize the system and its whole algebra of observables as a single irreducible representation of so(3, 2), but this also gives access to a scalar field operatorφ opening the door to the inclusion of non-trivial potentials for the scalar field. We expect this extended conformal structure to simplify the investigation of the quantum dynamics of inflationary cosmological backgrounds based on effective approaches to quantum cosmology.
Introduction
Symmetries play a crucial role in theoretical physics, where they not only fix quantization ambiguities and constrain quantum correlators, but often entirely define the theory (up to dualities), especially in the context of quantum gravity. Previous works [1] [2] [3] [4] highlighted a hidden conformal invariance of the simplest gravitational system, the Friedman-Lemaître-Robertson-Walker (FLRW) cosmology of homogeneous and isotropic gravity coupled to a massless free scalar field 1 . This conformal invariance of the cosmological action under Mobius transformation in proper time, is distinct from the time reparametrization invariance, which is the remnant of the diffeomorphism invariance of general relativity in this cosmological setting. While previous works in classical and quantum cosmology have also noticed the existence of a conformal structure, such as [5] [6] [7] [8] [9] , the realization of the conformal symmetry discussed in [1] is quite different.
At the classical level, this new symmetry leads by Noether theorem to conserved charges, encoding the evolution in proper time of the Hamiltonian, the extrinsic curvature and the volume [1] . These charges form a sl(2, R) Lie algebra, called the CVH algebra, a structure which was initially discussed in [3, 4] . This conformal invariance allows one to reformulate the phase space of the gravitational sector as a AdS 2 space carrying the natural action of the 1D conformal group SL(2, R) ∼ SU (1, 1) . Classically, this gravitational system can then be considered as a CFT 1 and map to the well known conformal mechanics of de Alfaro, Fubini and Furlan [10] , opening thus new directions for its quantization. Indeed, at the quantum level, the conformal invariance is a powerful tool, that fixes quantization ambiguities and the operator ordering. Moreover, importing the techniques developed for the quantization of conformal mechanics [11, 12] , one can use this conformal structure to bootstrap the cosmological correlation functions [1] .
In this work, we show that this cosmological system enjoys an even larger conformal structure corresponding to an so(3, 2) algebra which encodes the observables of the system. This refined conformal structure reveals itself when constructing and representing (Dirac) observables coupling the scalar field to the geometrical variables. Hence, contrary to the CVH structure discussed in previous works, it allows one to account for the whole phase space of the FLRW cosmology sourced by a scalar field and not only of the gravitational sector at fixed scalar momentum. Not only this provides a more complete description of the model than the previous works focusing on the sl(2, R) structure, but it will also allow to introduce new terms in the Hamiltonian which depend explicitly on the scalar field, that is include a non-trivial self-interacting potential. This step is crucial in order to extend the results of [1] to more realistic cosmological systems such as inflationary backgrounds.
At the quantum level, the existence of this extended conformal structure implies that the theory can be quantized as a single irreducible SO (3, 2) representation, which can be decomposed as a ladder of irreducible SL(2, R) representations, each of them corresponding to a fixed value of the scalar field momentum. This Hilbert space of quantum states for the coupled geometry plus matter system carries a representation of the Dirac observables as quantum operators not only generating the evolution along the cosmological trajectories but also generating flows between those cosmological trajectories, thereby allowing to explore the whole cosmological phase space.
In a first section 1, we present a short, self-contained, overview of the sl(2, R) Lie algebra formed by the CVH observables and the corresponding conformal invariance of FLRW cosmology. The second section 2 introduces a parametrization of the cosmological phase space in terms of a complex 2-vector -or spinor. We show how to generate a so(3, 2) algebra of observables from quadratic polynomials in the spinor components. The third section 3 writes those so (3, 2) observables explicitly in terms of the standard variables, the volume and scalar field and their conjugate momenta. In particular, we identify the subalgebra of Dirac observables. The fourth and final section 4 is dedicated to the quantization of the theory as a canonical quantization scheme of the spinor components. This preserves the so(3, 2) algebra, and thus in particular the conformal invariance under SL(2, R) transformations, at the quantum level. We conclude with a brief outlook towards the application of this new so (3, 2) toolbox to quantum cosmology.
The Conformal Symmetry of Cosmology
We start with a quick review of the FLRW cosmology of general relativity coupled to a homogeneous and isotropic massless free scalar field, focusing on the sl(2, R) framework and related conformal invariance introduced in the previous work [1] . See also [2] [3] [4] for details.
The sl(2, R) structure of vacuum cosmology
Let us consider gravity minimally coupled to a massless scalar field φ. The flat FLRW mini-superspace model is defined by focusing on homogeneous isotropic metrics, given by the ansatz
in terms of the lapse function N (t) and the scalar factor a(t). We similarly assume that the scalar field φ is homogeneous and only depends on the time t. Assuming a vanishing cosmological constant Λ = 0, the reduced FRW cosmological action is given by the integration of the Einstein-Hilbert action over a fiducial 3D cell of volume V o and reads:
with the Newton constant G. The Hamiltonian analysis of this action defines the conjugate momenta to the scale factor and scalar field:
and writes the action as a fully constrained system,
where the lapse N plays the role of a Lagrange multiplier and the Hamiltonian constraint H balances the energy of the matter field with the energy of the geometry:
(1.5)
It is convenient to x introduce a volume variable, absorbing the volume of the fiducial cell.
The canonical transformation reads:
Then the phase space of homogeneous, isotropic and flat FRW cosmology is given by canonical variables,
provided with the Hamiltonian constraint:
where the constant κ = √ 12πG is proportional to the Planck length and encodes the coupling between matter and geometry.
Since the scalar field has no potential or mass, its momentum π φ is a constant of motion, {H, π φ } = 0 .
(1.9)
Let us start by describing the theory for π φ = 0, i.e. let us set the scalar field to 0 and focus on the purely gravitational sector. The FRW phase space for pure gravity is given by the canonical pair, {b, v} = 1, provided with the Hamiltonian constraint H g ,
We further introduce the integrated trace of the extrinsic curvature,
We recognize this quantity C = bv as the generator of dilatations of for the geometry canonical pair:
Since the volume v and the Hamiltonian constraint H g are respectively of dimension +1 and −1 with respect to scale transformations, it turns out that, together with the dilatation generator C, they form a closed sl(2, R) Lie algebra: 13) which is referred to as the CVH algebra [2] [3] [4] . To set it in the standard sl(2, R) ∼ su(1, 1) basis,
the change of basis between the three cosmological observables and the sl(2, R) generators reads:
where σ is an arbitrary dimensionless real parameter. While the dilatation C is a pure boost generator, the volume v and the Hamiltonian constraint H g are null vectors in the Lie algebra sl (2, R) . This isomorphism between the CVH algebra and the sl(2, R) Lie algebra leads to a vanishing sl(2, R)-Casimir:
This implies that vacuum homogeneous and isotropic general relativity can be described at the quantum level by a null representation of sl(2, R), as advocated already in [4] and shown in details in [2] . As explained in [4] and reviewed below, the inclusion of matter preserves the sl(2, R) structure and simply induces a shift in the Casimir. Furthermore, it was understood in [1] that this sl(2, R) structure descends from a conformal invariance of the action for gravity plus scalar matter allowing to map it the cosmological system onto the conformal quantum mechanics introduced by de Alfaro, Fubini and Furlan [10] .
Conformal symmetry for FRW cosmology
Coming back to the full theory with gravity coupled to a scalar field by the Hamiltonian constraint H, it turns out that the CVH algebra and its mapping to sl(2, R) is preserved, with the same identification:
The full Hamiltonian constraint H is still a null generator 2 in sl(2, R). And notice that the dilatation generator C = K y = k y remains unchanged: it only acts on the geometrical sector and does not affect the scalar field. The main effect of the inclusion of matter is a shift of the Casimir. Indeed, the sl(2, R)-Casimir does not vanish anymore, it is now strictly negative and is given by the scalar field density energy:
This means that the system gravity plus matter will be described at the quantum level by a space-like representation of SL(2, R), which depends on the value of the scalar field momentum π φ .
An elegant way to derive the matter coupling from the pure gravity sector is to derive the sl(2, R) generators J z , K x , K y for gravity plus matter from the sl(2, R) generators j z , k x , k y for pure gravity using a non-linear map. Indeed, we can directly extend the sl(2, R) structure of the pure gravity case while preserving the sl(2, R) Poisson brackets, by keeping the boost in the y-direction, K y = k y , and modifying the generators in the x and z directions:
,
where λ is a constant, i.e. it is a central element, which Poisson-commutes with the sl(2, R) generators j z , k x , k y . This works because (k x + j z ) −1 and (k x − j z ) scale the same way under dilatations generated by k y . It is straightforward to check that these satisfy the correct sl(2, R) Poisson brackets, while shifting the Casimir by λ:
These extended su(1, 1) generators exactly fit the definition of the CVH algebra (1.17) for gravity plus scalar matter if λ is fixed by the scalar field momentum:
In the context of conformal quantum mechanics, the same mapping exists between the free particle and conformal mechanics [10] .
This CVH algebra encodes the dynamics of the theory. Indeed, it describes the iterative Poisson brackets of the volume with the Hamiltonian constraint, which gives the evolution of the volume in proper time τ , related to the time coordinate by the lapse factor dτ = N dt, These equations of motion are straightforward to integrate:
(1.24)
We can invert this trajectory to express the initial conditions as constants of motion:
As shown in [1] , these three constants of motions turn out to be the three conserved Noether charges associated to the invariance of the reduced cosmological action (1.2) under Mobius transformations of the proper time:
with αδ − βγ = 1 and α, β, γ, δ real. As such, the CVH algebra reflects the conformal invariance of FRW cosmology under the one-dimensional conformal group SL(2, R).
One shortcoming that we would like to address in the present paper is that this formalism does not does not allow us to straightforwardly integrate the equation of motion for the scalar field, in particular it does not provide us with a constant of motion involving φ. As a matter of fact, the procedure above can not give the evolution of the scalar field and we have to integrate its equation of motion by hand,
.
Assuming that we are on-shell, the Hamiltonian constraint always vanishes, H (0) = 0. Furthermore the dilatation generator is a weak Dirac observable, {H, C} = H ≃ 0, thus a constant of motion, C(τ ) = C (0) . Solving the Hamiltonian constraint implies that κ 2 C 2 = π 2 φ , with two branches of solution:
Since d τ v = κ 2 C, this gives the speed of the volume:
where the sign decides if the universe are in a contracting or expanding phase. Plugging this linear growth of the volume in the equation of motion for the scalar field gives:
This is usually written in a deparametrized fashion by getting rid of the time variable (see appendix A for more details), reflecting the invariance of the theory under time reparametrization
This describes the cosmological evolution in terms of the scalar field clock φ. We have two regimes 3 , with contracting or expanding trajectories, determined by the sign ±. In each phase, the on-shell relation between the volume and the scalar field leads to a different set of reduced phase space variables. More precisely, the Hamiltonian constraint factorizes as
with the two branches of solutions, π φ ≃ ǫC, with ǫ = ±, defining the two expanding and contracting phases. The two pairs of variables,
are respectively weak Dirac observables in the corresponding branch,
where the weak equality holds on the appropriate branch, i.e. assuming π φ ≃ ǫκC. Let us emphasize that those Poisson brackets do not weakly vanish if we only assume that H ≃ 0. Thus, V ǫ and B ǫ can only be thought of as Dirac observables if we choose the ǫ-branch and switch the original Hamiltonian constraint H ≃ 0 for the stronger constraint π φ ≃ ǫκC. We will see in the section 3.2 how to upgrade them to complete Dirac observables. The point here is that these weak Dirac observables are the evolving constants of motion, encoding the evolution of the volume v and extrinsic curvature b with respect to the scalar field φ. See [13, 14] for details on the notion of evolving constant of motion. They define a canonical pair of conjugate variables on the reduced phase space:
(1.34)
The objective of the present work is to extend the sl(2, R) structure to remedy this asymmetry between the treatment of the gravitational and matter sectors and construct observables involving the scalar field φ. Not only this will allow to represent the scalar field at the quantum level as an operator acting on sl(2, R) representations, but it will also open the door to the inclusion of a scalar field mass or potential implying terms in the Hamiltonian which explicitly depend on φ.
Mapping onto conformal mechanics
We conclude this brief overview of the conformal structure of FRW cosmology by its mapping onto conformal mechanics, following [1, 5] . Starting from the cosmological action (1.2) in terms of a Lagrangian depending on the scale factor a and the scalar field φ, we can absorb the lapse in the proper time dτ = N dt and re-write it in terms of the volume v:
The equation of motion for the scalar field implies that vd τ φ is constant, which we recognize as the scalar field momentum π φ = vd τ φ. To plug this back in the action, and obtain an action solely on the volume v, we have a do a Legendre transform on the canonical pair (φ, π φ ), which gives:
where π φ is now simply a coupling constant. Introduce the new variables:
This allows to re-write the action for FRW cosmology as:
(1.38)
with the coupling constant in front of the potential given by
The action above is then exactly the action for the conformal particle [10] , which is also the action for the relative motion of the 2-body Calogero model. The potential in q −2 ensures the conformal invariance of the model and the homogeneous scaling of the Hamiltonian under scale transformations. The main difference between conformal mechanics and FRW cosmology is the lapse variable N , which implies the invariance under time reparametrization. Thus FRW cosmology appears as a special case of conformal mechanics for which the energy vanishes.
To get this, we either perform the canonical analysis of the action above or the mapping to conformal mechanics directly from the Hamiltonian formulation of the action for FRW cosmology,
Taking into account that π φ is constant, we can simply discard the scalar field and focus on the dynamics of the volume. Then switching to the new variables q = 2κ −1 √ v and its conjugate momentum π q = −κb √ v, the action reads:
which is the Hamiltonian form of conformal mechanics, with the energy of the corresponding conformal particle exactly equal to the FRW Hamiltonian constraint, and thus vanishing on-shell:
Spinorial Parametrization
Up to now, we have reformulated the cosmological phase space as a sl(2, R) Lie algebra. However, we have seen that this does not allow access to the scalar field φ. Indeed, the three sl(2, R) generators, J z , K x and K y , only encode the information on the volume v, its conjugate momentum b, which measures the extrinsic curvature, and the scalar field momentum π φ . In this section, we will show that it is possible to extend the sl(2, R) structure to include the scalar field φ. The main tool is to realize the sl(2, R) Lie algebra in terms of a spinor, i.e. a complex 2-vector z = (z 0 , z 1 ), provided with the canonical Poisson bracket,
This 4-dimensional phase space will now allow to faithfully encode all the dynamical variables of the original cosmological phase space, (b, v) and (φ, π φ ). More precisely, the scalar field moment π φ will give the value of the sl(2, R) Casimir while the scalar field φ, as its its conjugate variable, will generate shifts of this Casimir. At the quantum level, this implies that working at constant π φ amounts to working in a fixed sl(2, R) irreducible representation while acting with the scalar field operatorφ will switch between sl(2, R) representations. Moreover, the spinorial formulation also offers improved features, which we will study in more details in the rest of the paper:
• It allows to describe the cosmological evolution as a SL(2, R) flow in its fundamental representation. Indeed, SU(1, 1) ∼ SL(2, R) transformations simply act as 2×2 complex matrices on the complex 2-vector z. Using this complex parametrization simplifies the description of the cosmological trajectories.
• The spinor z allows to extend the CVH algebra from a sl(2, R) algebra to a so(3, 2) Lie algebra of observables, enriching the algebraic structure of the phase space.
• The complex phase space can be canonically quantized in terms of a pair of harmonic oscillators, which allows to represent at the quantum level the whole tower of SL(2, R) representations with negative quadratic Casimir C < 0. This naturally fixes quantization ambiguities and operator ordering.
Let us introduce a spinor z = (z 0 , z 1 ) ∈ C 2 provided with a canonical Poisson bracket:
We can recover the sl(2, R) Lie algebra as quadratic polynomials in the spinor,
which leads back to the SL(2, R) poisson brackets with K ± = K x ± iK y ,
We obtain a negative quadratic Casimir as wanted 4 :
The quantity E is itself a Casimir of the sl(2, R) algebra, i.e. it Poisson-commutes with the sl(2, R) generators:
To look at the exponentiated action of SL(2, R) transformations, it is convenient to switch self-dual complex variables:
This allows to write the Hermitian 2×2 matrix of the sl(2, R) Lie algebra,
as a complex scalar product,
The map from the complex variables w, W to the sl(2, R) generators is not one-to-one, since it sends 4 real parameters onto 3 real variables. Indeed, the definition above of the generators J = (J z , K x , K y ) as quadratic polynomials in the spinor is invariant under real rescalings:
The advantage of this formulation is that SL(2, R) group elements now act on the spinor in the fundamental representation of SU(1, 1). Let us introduce the Lorentzian Pauli matrices,
These matrices square to the identity, τ 2 z = I but τ 2 x = τ 2 y = −I, and satisfy the sl(2, R) ∼ su(1, 1) commutation relations:
Then, we can compute the Poisson brackets of the sl(2, R) generators with the spinors:
and similarly for W , with the Lorentzian signature scalar product η·
This exponentiates to the group action:
This leads to the exponentiated SL(2, R)-action on the matrix M of generators as the conjugation by SU(1, 1) matrices,
This allows to integrate the exponentiated flow of any sl(2, R) generators in the CVH algebra. In particular, we can derive the Hamiltonian flow generated by the Hamiltonian constraint H and recover the cosmological trajectories. Indeed, applying the formula above to e −τ {H,·} with H = (K x − J z )/2σκ leads to into null SU(1, 1) transformations:
where τ x − τ z is a nilpotent matrix with vanishing square. This gives the cosmological evolution in proper time of the sl(2, R) generators:
which we can translate into the proper time evolution of the cosmological observables and recover the trajectories derived earlier in (1.24) from the knowledge of constants of motion (identified as the Noether charges for the conformal symmetry): The spinor phase space not only carries a representation of the sl(2, R) ∼ su(1, 1) Lie algebra but it also provides a representation of the much larger so(3, 2) Lie algebra, which can be thought of as the conformal group in 2+1 dimensions. Let us first define the so(3, 2) generators, then we will see in the next section that these generators correspond to cosmological observables involving the scalar field φ. This extension of the CVH algebra thus allows to faithfully represent all the whole phase space of the FRW cosmology of a scalar field.
Let us consider the whole set of quadratic polynomials in the spinor variables, z 0,1 and their complex conjugatez 0,1 . Then their Poisson brackets reproduce the so(3, 2) Lie algebra (see e.g. the appendix of [16] ). To start with, we have already considered the following quadratic polynomials:
which form a sl(2, R) ∼ su(1, 1) ∼ so(2, 1) algebra. On top of the generator J z , one can construct the two remaining su(2) ∼ so(3) generators:
Then, on top of K x and K y , we can introduce another boost generator:
so that the six generators, J z , J ± , K z , K ± form together a sl(2, C) ∼ so(3, 1) Lie algebra:
(2.20)
We further introduce another set of boost generators:
(2.21)
Combining the K's with L's generates the special conformal transformations. In order to close the Lie algebra, we finally have to introduce the dilatation generator for the spinor,
The remaining Poisson brackets are:
From the last line of Poisson brackets, we see that E is actually a Casimir of the su(2) Lie algebra. It allows to take the square-root of the quadratic su(2)-Casimir:
It also gives the norm of the boost vectors K and L:
while the vectors J, K and L are orthonormal:
where the scalar products are computed as J · K = J z K z + 1 2 (J − K + + J + K − ) in the z, ± basis. This means that the 3×3 matrix E −1 ( J, K, L) is orthogonal, which leads to equivalent orthonormality conditions between the lines of this matrix, in particular,
The six orthonormality conditions on the ten so(3, 2) generators reduces the data contained in the so(3, 2) algebra down to the four real components of the spinor z ∈ C 2 . More precisely, an orthonormal R 3 -basis of ( J , K, L) with given norm E uniquely 5 determines a spinor z.
Cosmological Observables

Representing the scalar field
Now we would like to identify those so(3, 2) generators as cosmological observables. We would like to build on the identification of the sl(2, R) ∼ so(2, 1) generators J = (J z , K x , K y ) as the CVH observables:
The su(2) generators Ja actually give the spinor z ∈ C 2 up to a phase. Then the two other vectors K and L, forming an orthonormal basis with J, simply define an angle, which turns out to be the missing phase for uniquely determining the spinor.
First, we use the sl(2, R) Casimir equation (1.18) of the CVH algebra and translate it in terms of the so(3, 2) generators:
It is thus natural to identify the generator L z as the scalar field momentum:
Now we wish to identify the variable representing the scalar field φ itself. It must be canonically conjugate to its momentum, {φ, π φ } = 1, and also commute with the dilatation generator C, i.e. {K y , φ} = 0. This actually is not a simple problem. We follow the more pedestrian method of building the whole so(3, 2) algebra of cosmological observables.
A crucial point is that we not only want to identify so(3, 2) generators that satisfy the correct Poisson brackets, but we also want to obtain the same orthonormality conditions as above, thus allowing to identify the cosmological so(3, 2) Lie algebra with the one constructed from the spinor phase space. Indeed, respecting the orthonormality conditions will give the unique mapping between the cosmological variables (b, v, φ, π φ ) and the spinor z ∈ C 2 .
First, we identify the generators J y and L x , such that they form a so(2, 1) ∼ sl(2, R) algebra with L z ,
They explicitly involve the scalar field φ:
In particular, we check that the Casimir of this su(1, 1) algebra is given by the dilatation generator C = K y :
Once we have J y and J z , we complete the basic su(2) algebra with the generator J x computed from the Poisson bracket {J y , J z }:
We can check that it is consistent with the other su(2) Poisson brackets, {J x , J y } = J z and {J z , J x } = J y . From here, it is straightforward to complete the whole so(3, 2) algebra, check the Poisson brackets between all the generators and check that they satisfy the same orthonormality relation conditions as wanted.
An important remark is that the expressions of the so(3, 2) generators, as in (3.4) , indicates that natural observable for the scalar field is not φ itself but its exponential e ±κφ , for instance:
This fits with the coupled deparametrized evolution (1.30) of the scalar field and the volume and the corresponding Dirac observables (1.32) (see in appendix A for more details).
Dirac observables from the so(3, 2) algebra
The cosmological Hamiltonian constraint is:
This factorization 6 reflects that the Hamiltonian constraint H = 0 is equivalent to π 2 φ = κ 2 C 2 , i.e. K 2 y = L 2 z . More precisely, the two branches of solutions, π φ ≃ ǫκvb with ǫ = ±, corresponding to the expanding and contracting cosmological phases, are given by the constraints K y = ǫL z . There are actually several equivalent expressions of the Hamiltonian constraint, which impose the same condition on the cosmological observables but correspond to different SO(3, 2) flows. For instance, H = 0 is also equivalent to J 2 y = L 2 x . Indeed, as we can see this explicitly from the expressions (3.4) of the generators J y and L x :
Although all these conditions are perfectly equivalent at the classical level, the corresponding constraint operators at the quantum level might differ due to different operator ordering. A natural question is then which operator seems best suited to implement the dynamics at the quantum level. From this perspective, not only are conditions such as K y = ǫL z and J y = ǫL x straightforward to quantize and solve in so(3, 2) representations, but they further allow to distinguish the two cosmological phases. Nevertheless, the cosmological evolution (in proper time) remains generated by the Hamiltonian constraint (K x −J z ) = 2σκH, which is also straightforward to quantize and solve in so(3, 2) representations. Thus we will keep K x − J z = 0 as the legitimate Hamiltonian constraint at the quantum level, with the other conditions, K y − ǫL z = 0 and J y − ǫL x = 0, nevertheless remaining relevant to determine the trajectories and deparametrize the theory at the quantum level.
Let us now look for Dirac observables and, in particular identify how to recover the "evolving" Dirac observables V ǫ and B ǫ . The so(3, 2) algebra allows for a more systematic search for Dirac observables. Checking among Lie algebra elements, we identify a pair of commuting strong Dirac observables:
It is fairly easy to compute 7 these two observables explicitly in terms of b, v, φ, π φ :
From these expressions, one can directly check that they define strong Dirac observables, whose bracket with the Hamiltonian constraint H exactly vanish. Then, if we assume to be on the branch π φ ≃ ǫκC of solutions to the Hamiltonian constraint, then these observables reduce to the volume observable V ǫ :
From this point of view, the observable (E + L y ) combines the two weak observables V ± corresponding to the two branches into a single strong Dirac observable. Moreover, since it is a so(3, 2) Lie algebra element, it will admit a straightforward ambiguity-free quantization, when we will raise the spinor components to creation and annihilation operators.
It is natural to introduce the sum and difference of these two (commuting) Dirac observables:
Depending on the phase, contracting or expanding, one of the two observables A + or A − vanishes while the other indicates the value of the volume v at the initial condition φ = 0. It is remarkable that they form a very simple algebra of Dirac observables together with the scalar field momentum L z = π φ /κ:
On the one hand, the sl(2, R) Casimir L z = E = π φ /κ acts as the generator of dilatation on the observables A ± , e {ηLz ,·} A ± = e ±η A ± (3.12)
On the other hand, it means that the DIrac observables A ± generates shifts of the sl(2, R) Casimir, i.e. of the scalar field momentum π φ ,
At the quantum level, the cosmological systems will be quantized as a sl(2, R) representation, with each irreducible representation corresponding to a given value of the scalar field momentum π φ . The operators A ± will then generate shifts in the sl(2, R) Casimir, allowing to transition between irreducible sl(2, R)-representations. This reflects the fact that the observables A ± depends on the scalar field φ. Not only do such operators allow to explore the space of FRW trajectories for a free massless scalar field by changing the value of π φ ,
but they also open the door to adding a scalar field potential (explicitly depending on φ) and representing it at the quantum level in terms of so(3, 2) operators.
To conclude the description of the so(3, 2) operators at the classical level, it is interesting to look at the action of the Dirac observables A ± not only on the sl(2, R) Casimir L z = π φ /κ but also directly on the CVH observables. A quick application of the so(3, 2) Poisson brackets gives
where we recall the mapping betwen sl(2, R) generators and the cosmological observables with C = K y , H = (K x −J z )/2σκ and v = σκ 3 (K x +J z ). One can then complete this algebra with the Poisson bracket {A ± , (L x ± J y )} = −2(K x − J z ). Looking at those relations more closely, the observables A ± obviously commute with the Hamiltonian constraint -they are Dirac observables-as already derived earlier, and they simply induce shifts in the dilatation generator C and in the volume v:
Let us look at those variations on-shell when applied to physical cosmological trajectories. For instance, considering the expanding phase, thus with π φ = +κC or equivalently K y = L z , one also has A + = 0 and J y = L x . First, the value of A − gives the deparametrized value of the volume,
(3.16) Second, acting with e {ζA − ,·} on the CVH observables gives the finite variations 8 :
(3.17)
This action preserves the condition characterizing the physical expanding phase, π φ = +κC, and it shifts the volume while keeping a constant value of the Dirac observable A − . More precisely, if we start with a physical expanding trajectory at a given value of A − , satisfying by definition the relation π φ = +κC and thus the Hamiltonian constraint H = 0, the action of e {ζA − ,·} will generate another physical expanding trajectory with a different value of the scalar field momentum π φ , but the same value for A − . If the initial trajectory is given by the deparametrized equation ve −κφ = 4σκπ 2 φ /A − for the initial value the scalar field momentum π φ , then the final trajectory is given by ve −κφ = 4σκπ 2 φ /A − for the final value the scalar field momentumπ φ . The volume v and the scalar field e +κφ gets shifted accordingly from the initial trajectory to the final trajectory.
Third, the flow induced by A + is trivial,
We get the same structure for the contracting phase by exchanging the role of A − and A + . So the flow generated by the Dirac observables A ± on physical cosmological trajectories defines a change of trajectories given by a shift in the scalar field momentum π φ , while adjusting the volume.
Through the exploration of the so(3, 2) algebra of observables for the FRW cosmology of a massless free scalar field, we have seen how it enriches the sl(2, R) structure of the CVH algebra previously introduced and discussed in [1] [2] [3] [4] . Accounting for the scalar field φ, and not treating its momentum π φ as a mere coupling constant for the dynamics of the geometry, allows one to include in this so(3, 2) algebra Dirac observables encoding the coupled evolution of the scalar field and volume (thus representing the deparametrized volume) and define Hamiltonian flows not only along the cosmological trajectories but also transversal to them. Although introducing such flows changing the trajectory may appear as a complicated sophistication for a massless free scalar field, it will become necessary when including a mass or non-trivial potential as it shall lead to physical trajectories deviating from the present massless free cosmological trajectories.
All these classical algebraic structures and Hamiltonian flows, with the sl(2, R) symmetry, so(3, 2) brackets and the Dirac observables, will be straightforwardly preserved by the quantization.
Adding a self-interaction potential
Having observables depending on the scalar field at our disposal, we now suggest how to use this new feature to investigate relevant inflationary potentials for φ at the quantum level. Adding a potential to the original action, the scalar Hamiltonian constraint then becomes:
The natural question is then if the potential term in vV (φ) can be easily written in terms of the so(3, 2) observables. As it turns out, most of the relevant self-interacting potentials used in single field inflationary models can be written as polynomial expressions of the exponential function e −κφ (see [17] for an exhaustive review of the most relevant inflationary potentials). Interesting examples of such potentials are given by 20) which correspond respectively to the well-known Starobinsky (or Higgs) inflation model favored by the current data, to power law inflation, and finally to the exponential SUSY inflation model. Depending on the model, λ takes an a priori specific value of order 1 (as for the Starobinsky potential) or an arbitrary real value to be determined or fine-tuned a posteriori after comparing the predictions with the experimental data.
Here, we would like to point out that the building block function e ±κφ can be naturally written as a suitable combination of so(3, 2) generators. There are several ways to recast this function, using for instance (3.6) or (3.10) . The simplest expression is obtained by the following linear combinations:
from which we easily extract ve ±κφ as linear combinations of so(3, 2) generators. Thus although the self-interaction term vV (φ) might not directly be in the so(3, 2) Lie algebra of observables, it can certainly be written as a polynomial or rational function of the so(3, 2) generators 9 (or more generally as a power of the so(3, 2) generators in the case of the power law model for instance) when the parameter λ is an integer. In the general case when λ is an arbitrary real number, we face the usual issue and quantization ambiguities arising when dealing with a non-rational or non-analytic potential. Nevertheless, we would like to underline that the main point of introducing the so(3, 2) observables was to remedy the fact that the sl(2, R) observables did not involve at all the scalar field φ and thus that they did not allow to introduce a potential. Now, the so(3, 2) observables allow to introduce and represent a potential even though its expression might not be simple.
So if one tackles the canonical quantization of this self-interacting system directly for arbitrary real λ, the so(3, 2) structure may not be of special help. However, in the context of effective approaches such as the quantum phase space method, the so(3, 2) structure discussed here might provide a simplifying ingredient to compute the higher-moments of the wave function, and discuss the back-reaction of fluctuations and correlation on the inflationary quantum dynamics. See [23] [24] [25] [26] [27] for recent applications of this powerful framework. alternative quantization procedure in an attempt to further regularize the behavior of the theory close to the cosmological singularity, such as the polymer quantization used in loop quantum cosmology [20] [21] [22] . Here we keep the standard canonical quantization, but apply it to the spinorial phase space.
Indeed, having parametrized the cosmological phase space with complex variables and mapped it onto the phase space C 2 , we simply quantize the spinor z ∈ C 2 as a pair of harmonic oscillator and promote the spinor components z 0,1 andz 0,1 to annihilation and creation operators:
Considering the quadratic polynomials in those harmonic oscillators turns the classical so(3, 2) generators into quantum operators. We then translate them in cosmological observables. Such a simple scheme has two immediate advantages. First, we can use the normal operator ordering for harmonic oscillators, thereby fixing all quantization ambiguities. Second, it automatically preserves the so(3, 2) algebra. In particular, it preserves the sl(2, R) sub-algebra, thus conserving at the quantum level the conformal symmetry of FRW cosmology under Mobius transformation of the proper time, as given classically (1.26) . A side-product of realizing the so(3, 2) algebra without anomaly at the quantum level implies that we preserve the Dirac observables identified classically, L z and A ± , the Lie algebra that they form and Hamiltonian flows that they generate.
Quantum cosmology from harmonic oscillators
Let us start by revisiting the quantization of the CVH observables. The canonical quantization of the spinor (components) leads to the quantization of the sl(2, R) generators as:
where J z measures the energy difference between the two harmonic oscillators, while K ± and the L z are squeezing operators. They satisfy the sl(2, R) commutators, without corrections:
while the quadratic Casimir acquires an expected 1 4 constant correction due to the noncommutativity of the generators:
These four operators allow to represent at the quantum level the volume v, the dilatation generator C, the Hamiltonian constraint H and the scalar field momentum π φ as v = σκ 3 ( K x + J z ) , C = K y ,
(4.5)
We extend this canonical quantization scheme to the whole so(3, 2) algebra and raise all the so(3, 2) generators to quantum operators J a , K a , L a and E, thereby also constructing operators involving the scalar field φ. We don't write them explicitly here, although it is straightforward to check that all the commutators of the so(3, 2) algebra are preserved. In particular, the operators L z = E (the scalar field momentum) and A ± (constructed from E + L y and K z + J x ) still provide strong Dirac observables, commuting with the Hamiltonian constraint operator H.
The Hilbert space consists in the tensor product of two copies of the Hilbert space of an harmonic oscillator, with states labeled by the energy levels of the two oscillators a and b: Since the scalar field momentum operator π φ is simply κ times L z , it is diagonal in this continuous basis: π φ |s, m = κ s |s, m . (4.8)
Note that the operator J z is not directly the volume v and involves a linear combination of v with the Hamiltonian constraint H. In particular, their action on physical states, annihilated by H, will be the same but their action and commutation on arbitrary states generally do not match.
Going beyond sl(2, R) representations, we expect an operator representing the scalar field φ to create shifts in the sl(2, R) representation label s and transitions between SL(2, R)representations. As we have seen in the description of the classical so(3, 2) algebra, we don't have direct access to the scalar field. Nevertheless all the so(3, 2)-generators, apart from the sl(2, R)-generators, involve the scalar φ and allow to define φ-dependent operators acting on the Hilbert space of cosmological quantum states H.
In the present setting exploring the simplest case of the cosmology of a massless free scalar field, one can legitimately work in a subspace at fixed s = π φ /κ in a single irreducible SL(2, R)-representation. However, as soon as one adds a mass or turns on a potential (e.g. to study inflation scenarios), the dynamics will necessarily involve hopping from one irreducible SL(2, R)-representation to another, and physical states will be spread out on H and won't live in a single subspace at fixed s.
Dirac observable operators
Once the quantization of the phase space has been achieved and the Hilbert space of quantum states for the coupled cosmological system geometry plus scalar matter has been defined, the next step is to determine physical states solving the Hamiltonian constraint operator and to investigate the eigenstates and flow of the Dirac observables.
Let us start with determining solutions of the Hamiltonian constraint, i.e. eigenstates of H with vanishing eigenvalues, thus satisfying K x |Ψ = J z |Ψ . In [2] , this equation is solved on a given sl(2, R)-representation at fixed label s = π φ /κ. Decomposing the state on the basis diagonalizing J z ,
the equation K x |Ψ = J z |Ψ turns into a second order recursion relation on the coefficients Ψ (s) m , which can be solved using the method by Laplace (e.g. [28] ), and leads to two independent solutions respectively with support on even m ∈ 2Z and on odd m ∈ 2Z+1 . For large m, both solutions produce scale invariant oscillations, Ψ
These are the physical states for fixed scalar field momentum π φ = κs. This amounts to simultaneously diagonalizing the Hamiltonian constraint and the Dirac observables L z . Indeed the value of L z =π φ /κ determines a unique cosmological trajectory.
Instead of L z , we could focus on the other Dirac observables that we constructed,
Classically, they give the value of the deparametrized volume ve ±κφ as shown in (3.10). One can not simultaneously diagonalize the operators L z and A ± since their commutator does not vanish:
The operators A ± clearly do not act on a given sl(2, R)-representation at fixed label s, but hop between irreducible representations. Simultaneously diagonalizing the Hamiltonian constraint and the Dirac observables A ± will thus lead to physical states |Φ (a ± ) which are (coherent) superpositions of the states |Ψ (s) . At the classical level, this corresponds to the fact that the values of A ± determine a unique cosmological trajectory. From this perspective, using the Dirac observables L z or A ± corresponds to studying different statistical cosmological ensembles, depending whether trajectories are identified by the scalar field momentum π φ or the value of the volume at a given point of the evolution (at φ = 0).
Revisiting this discussion from the point of view of the pair of harmonic oscillators used to build the so(3, 2) representation, the Hamiltonian constraint operators reads:
If we decompose states on the harmonic oscillator basis,
the vanishing eigenvalue problem H|Ψ = 0 turns into a double 2nd-order equation determining coupled squeezed states for the two oscillators:
The infinite number of independent initial conditions for this recursion relation, depending on the values for Ψ 0,n b , Ψ 1,n b , Ψ na,0 and Ψ na,1 , lead to an infinity of physical cosmological states, which can then be distinguished by the values of the Dirac observable operators L z or A ± . Instead of solving this equation, one could alternatively use the coherent state basis (or a squeezed state basis) for the harmonic oscillators. The so(3, 2) operators are squeezing operators. One can then study the cosmological evolution and flows of the Dirac observables on those states |z a , z b , recovering the classical spinorial formalism introduced in this work plus quantum corrections.
Conclusion
This technical paper extends the sl(2, R) formalism for FRW cosmology introduced in [2] [3] [4] and proven to reflect the conformal symmetry for the homogeneous sector of gravity coupled to a massless free scalar field [1] . Indeed, the sl(2, R) Lie algebra describes the observables for the gravitational sector of the theory at fixed scalar field momentum. Here we extended it to a so(3, 2) algebra of observables coupling gravity to the scalar field. Instead of focusing on the AdS 2 phase space for the geometry, this allows one to represent the whole phase space including the scalar field. Having observables explicitly depending on the scalar field allows to represent a full set of Dirac observables, including the deparametrized volume (which encodes the evolution of the volume with respect to the scalar field used as an internal clock), and opens the door to adding a scalar field mass or potential to the action.
The outlook of this work is mostly towards applying this new tool to further explore the physics of FLRW quantum cosmology. A first question concerns possible new hidden symmetry of FRW cosmology. Indeed, the sl(2, R) generators, identified as the volume, the extrinsic curvature and Hamiltonian of the gravity plus matter system, have already been understood as the Noether charges of the conformal symmetry of the action under Mobius transformations of the proper time [1] . Since the so(3, 2) generators contain Dirac observables (involving the scalar field φ), this might reflect a potentially larger conformal invariance of FRW cosmology. Therefore, is there a symmetry behind the so(3, 2) algebra of observables discussed here ? If yes, this would be similar in spirit to the so(4, 2) conformal symmetry of the hydrogen atom, allowing for a full exact solution at the quantum level.
A second topic of investigation would be the application of the so(3, 2) toolbox and spinorial formalism to the coarse-graining of the coupled geometry+matter along the lines of [29, 30] , which proposed using the sl(2, R) structure as a guide to coarse-grain the quantum states of the geometry.
Third, perhaps the most important outlook is the application to the study of non-trivial potentials, for instance in the context of inflation. In particular, it remains to investigate whether the so(3, 2) symmetry is a generic feature of those models and if it allows for a nonambiguous quantization of inflationary backgrounds using conformal bootstrap techniques, as done in the massless free case [1] , or at least for a perturbative scheme to study the behavior around the initial cosmological singularity. Nevertheless, we point that effective approaches to quantum cosmology, such as the quantum phase space formalism discussed for examples in [23] [24] [25] [26] [27] , combined to the new so(3, 2) structure presented in this work, shall provide a powerful framework to investigate the quantum dynamics of inflationary backgrounds and the quantum back-reaction of the higher moments of the wave function.
We leave these open directions for future works. recover those same trajectories from the SU(1, 1) flow generated by the dilatation C = k y on the pure gravity sector 11 .
At the end of the day, the important point to keep in mind is that the deparametrized evolution is simply scale transformations. This underlines the fundamental role played by the CVH Poisson algebra generated by the Hamiltonian constraint and the dilatation generator, which seems to contain the whole dynamics and physical content of the theory.
A.2 Dirac's observables and reduced phase space
Another way to describe the physical content of the theory, which is generically equivalent to deparametrization, is to identify Dirac observables, i.e. constants of motion Poissoncommuting with the Hamiltonian constraint:
where we assume that the Hamiltonian constraint vanishes, H = 0. The Poisson algebra of these Dirac observables defines the reduced phase space of physical observables.
Here, we identify the Dirac observables for the cosmological evolution. To start with, we already know that the scalar field momentum π φ is a constant of motion, {π φ , H} = 0, and is a (strong) Dirac observable. But we also know that the dilatation generator is a constant of motion and thus a Dirac observable: C = {C, H} = −H ∼ 0 .
(A.5)
Actually these represent the same Dirac observable. Indeed, solving the Hamiltonian constraint yields:
Moreover, since both C and π φ are both constants of motion, the sign ǫ is also constant along trajectories and one can not hop from one branch to another along a single trajectory. 11 As a consistency check, we can exponentiate the action of the effective Hamiltonian H eff = κ C in terms of SU(1, 1) group elements. Here, we act on the pure gravity sector and we work with the su(1, 1) generators ae = (jz, kx, ky): The dilatation generator stays constant, the Hamiltonian constraint always vanishes if its initial value vanishes and the volume follows an exponential expansion.
Next, we identify Dirac observables involving the volume v and its conjugate variable b:
where the weak equality only holds on the corresponding branch, i.e. assuming π φ = ǫκC. Let us emphasize that those Poisson brackets do not weakly vanish if we only assume that H = 0. Thus, V ǫ and B ǫ can only be thought of as Dirac observables if we choose the ǫ-branch and switch the original Hamiltonian constraint H = 0 for the stronger constraint π φ = ǫκC. We will see in the section 3.2 how to upgrade them to complete Dirac observables.
Comparing these with the deparametrized trajectories, given in (1.30) and (A.3), we see that they are indeed constants of motion. They are the canonical pair of conjugate variables on the reduced phase space: The unitary (irreducible) representations of the sl(2, R) Lie algebra are obtained by making sure that J † z = J z (i.e. keeping m ∈ R) and K † + = K − . This leads to three classes of unitary representations:
• The discrete series: We distinguish the positive and negative series, which consist respectively in lowest and highest weight representations. They are labelled by halfintegers j ∈ N 2 , j ≥ 1:
The Casimir is given by C = j(j−1) 0. These can be constructed from the canonical quantization of the pair of harmonic oscillators in the spinorial formulation discussed in the section 2, when realizing the sl(2, R) algebra generators as E, K z and L z , as used for instance in [15] to define cosmological coherent states.
• The principal continuous series: they are labelled by a real positive number s ∈ R + and a parity ǫ = ±. Even parity representations are spanned by states with integer magnetic moment m ∈ Z while odd parity representations are spanned by half-integer states m ∈ Z + 1 2 :
The quadratic Casimir is now strictly negative, C = − s 2 + 1 4 < 0. It can be written as C = j(j − 1) with j = 1 2 + is. These are the SL(2, R) representations that we use in the present work to quantize the cosmological phase space.
• The complementary series: They are labelled by a real number 1 2 < j < 1 and interpolate between the discrete series starting at j = 1 and the principal continuous series on the imaginary line Re(j) = 1 2 :
The Casimir is given by C = j(j − 1), with −1/4 < C < 0. These representations do not appear in the Plancherel decomposition for L 2 functions on SL(2, R) ∼ SU(1, 1).
